Quadrupole and octupole deformation energy surfaces, low-energy excitation spectra and transition rates in fourteen isotopic chains: Xe, and Fm, are systematically analyzed using a theoretical framework based on a quadrupole-octupole collective Hamiltonian (QOCH), with parameters determined by constrained reflection-asymmetric and axially-symmetric relativistic mean-field calculations. The microscopic QOCH model based on the PC-PK1 energy density functional and δ-interaction pairing is shown to accurately describe the empirical trend of low-energy quadrupole and octupole collective states, and predicted spectroscopic properties are consistent with recent microscopic calculations based on both relativistic and non-relativistic energy density functionals. Low-energy negative-parity bands, average octupole deformations, and transition rates show evidence for octupole collectivity in both mass regions, for which a microscopic mechanism is discussed in terms of evolution of single-nucleon orbitals with deformation.
I. INTRODUCTION
Even though most deformed medium-heavy and heavy nuclei exhibit quadrupole, reflection-symmetric equilibrium shapes, there are regions in the mass table where octupole deformations (reflection-asymmetric, pear-like shapes) occur, in particular, nuclei with neutron (proton) number N (Z) ≈ 34, 56, 88, and 134. Reflection-asymmetric shapes are characterized by the occurrence of low-lying negative-parity bands, as well as pronounced electric dipole and octupole transitions [1] [2] [3] [4] . The physics of octupole correlations was extensively explored in the 1980s and 1990s (see the review of Ref. [1] ), but there has also been a strong revival of interest in octupole shapes more recently, as shown by a number of experimental [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] and theoretical studies.
In a simple microscopic picture strong octupole correlations arise through a coupling of orbitals near the Fermi surface with quantum numbers (l, j) and (l + 3, j + 3). This leads to reflection-asymmetric intrinsic shapes that develop either dynamically (octupole vibrations) or as static octupole equilibrium deformations. For instance, in the case of heavy (Z ≈ 88 and N ≈ 134) nuclei, the coupling of the neutron orbitals g 9/2 and j 15/2 , and that of the proton single-particle states f 7/2 and i 13/2 , can lead to octupole mean-field deformations.
In particular, evidence for pronounced octupole deformation in 224 Ra [6] , 144 Ba [16] , and 146 Ba [17] has recently been reported in Coulomb excitation experiments with radioactive ion beams. The renewed interest in studies of reflection-asymmetric nuclear shapes using accelerated radioactive beams point to the importance of a timely systematic theoretical analysis of quadrupole-octupole collective states of nuclei in different mass regions.
Coexistence of different shapes, and shape transitions as a function of nucleon number, present universal phenomena that occur in light, medium-heavy and heavy nuclei. A unified description of the evolution of quadrupole and octupole states necessitates a universal theory framework that can be applied to different mass regions. Nuclear energy density functionals (EDFs), in particular, enable a complete and accurate description of ground-state properties and collective excitations over the entire chart of nuclides [47] [48] [49] [50] [51] [52] . Both non-relativistic and relativistic EDFs have successfully been applied to the description of the evolution of single-nucleon shell structures and related nuclear shapes and shape transitions. In the literature one finds a number of detailed self-consistent mean-field studies of nuclei with static or dynamic octupole deformations, e.g., based on the Skyrme [53, 54] and Gogny [21] [22] [23] [24] [25] [26] [27] 55] effective interactions, and relativistic mean-field (RMF) models [18, 20, 30, 32, 33, [41] [42] [43] [44] [45] [46] .
To compute excitation spectra and transition rates, however, the EDF framework has to be extended to take into account the restoration of symmetries broken in the mean-field approximation, and fluctuations in the collective coordinates. A straightforward approach is the generator coordinate method (GCM) combined with projection techniques, and recently it has been implemented for reflection-asymmetric shapes, based on both nonrelativistic [27] and relativistic [45, 46] EDFs. Using this method, however, it is rather difficult to perform a systematic study of low-lying quadrupole and octupole states in different mass regions, because implementations of GCM are very time-consuming for heavy systems. Possible alternative approaches are the EDF-based interacting boson model [32] [33] [34] , or the quadrupole-octupole collective Hamiltonian [43, 44] . In particular, the EDF-based collective Hamiltonian can be derived from the GCM in the Gaussian overlap approximation [56] , and the validity of this approximate method was recently demonstrated in a comparison with a full GCM calculation for the shape coexisting nucleus 76 Kr [57] .
In this study we employ the recently developed EDF-based quadrupole-octupole collective Hamiltonian (QOCH) [43, 44] to perform a systematic calculation of even-even mediumheavy (54 ≤ Z ≤ 64 and 84 ≤ N ≤ 100), and heavy nuclei (86 ≤ Z ≤ 100 and 130 ≤ N ≤ 152). Low-energy spectra and transition rates for both positive-and negative-parity states of 150 nuclei are calculated using the QOCH with parameters determined by selfconsistent reflection-asymmetric relativistic mean-field calculations based on the PC-PK1 energy density functional [58] . The relativistic functional PC-PK1 was adjusted to the experimental masses of a set of 60 spherical nuclei along isotopic or isotonic chains, and to the charge radii of 17 spherical nuclei. PC-PK1 has been successfully employed in studies of nuclear masses [59, 60] , and spectroscopy of low-lying quadrupole states [61] .
The article is organized as follows. Sec. II describes the theoretical framework, and an illustrative calculation of 224 Ra is presented in Sec. III A. The systematics of collective deformation energy surfaces, excitation energies of low-lying positive-and negative-parity states, electric dipole, quadrupole, and octupole transition rates, calculated with the EDFbased QOCH, are discussed in Sec. III B. Section IV contains a summary and concluding remarks.
II. THEORETICAL FRAMEWORK

A. The quadrupole-octupole collective Hamiltonian
Nuclear excitations characterized by quadrupole and octupole vibrational and rotational degrees of freedom can be simultaneously described by considering quadrupole and octupole collective coordinates that specify the surface of a nucleus R =
In addition, when axial symmetry is imposed, the collective coordinates can be parameterized in terms of two deformation parameters β 2 and β 3 , and three Euler angles Ω ≡ (φ, θ, ψ):
The classical collective Hamiltonian is expressed as the sum of the vibrational kinetic energy, rotational kinetic energy, and the collective potential V coll . The vibrational and rotational kinetic energies read:
respectively, where the mass parameters B 22 , B 23 and B 33 , and the moments of inertia I k , are functions of the quadrupole and octupole deformations β 2 and β 3 .
After quantization the collective Hamiltonian takes the form
where w = B 22 B 33 − B 2 23 and the corresponding volume element in the collective space reads
To solve the eigenvalue problem of the collective Hamiltonian Eq. (4), an expansion of eigenfunctions in terms of a complete set of basis functions is employed. For each value of the angular momentum I the basis is defined by the following relation:
where φ n 2 (φ n 3 ) denotes the one-dimensional harmonic oscillator wave function of β 2 (β 3 ).
For positive (negative) parity states, n 3 and I are even (odd) numbers. Since we consider only axially deformed shapes, the intrinsic projection of the total angular momentum K = 0.
Finally, the collective wave function can be written as
and the corresponding probability density distribution reads
with the normalization
The reduced Eλ values are calculated from the relation
where M Eλ (β 2 , β 3 ) denotes the electric moment of order λ. In microscopic models it is
For the electric dipole, quadrupole, and octupole transitions, the corresponding operatorŝ
respectively.
B. Parameters of the collective Hamiltonian
The entire dynamics of the collective Hamiltonian Eq. (4) is governed by five functions of the intrinsic deformations β 2 and β 3 : the collective potential, the three mass parameters B 22 , B 23 , B 33 , and the moment of inertia I. These functions are determined by constrained selfconsistent mean-field calculations for a specific choice of the nuclear energy density functional and pairing interaction. In the present study the energy density functional PC-PK1 [58] determines the effective interaction in the particle-hole channel, and in the particle-particle channel we use a δ-force: V (r, r ) = V p,n δ(r − r ), where V p,n are the pairing strengths for protons and neutrons, respectively [62] .
The entire map of the energy surface as function of the quadrupole and octupole deformations is obtained by imposing constraints on the quadrupole and octupole mass moments, respectively. The method of quadratic constraints uses an unrestricted variation of the function
where H is the total energy, and Q λ denotes the expectation value of the mass quadrupole and octupole operators:
q λ is the constrained value of the multipole moment, and C λ the corresponding stiffness constant [56] . The corresponding deformation parameters β 2 and β 3 are determined from the following relations:
with R 0 = r 0 A 1/3 and r 0 = 1.2 fm.
The single-nucleon wave functions, energies, and occupation factors, generated from constrained self-consistent solutions of the relativistic mean-field plus BCS-pairing equations (RMF+BCS), provide the microscopic input for the parameters of the collective Hamiltonian.
The moments of inertia are calculated according to the Inglis-Belyaev formula: [63, 64] 
whereĴ is the angular momentum along the axis perpendicular to the symmetric axis, and the summation runs over the proton and neutron quasiparticle states. The quasiparticle energies E i , occupation probabilities v i , and single-nucleon wave functions ψ i are determined by solutions of the constrained RMF+BCS equations. The mass parameters associated with q 2 = Q 2 and q 3 = Q 3 are calculated in the perturbative cranking approximation [65] 
with
The deformation energy surface (DES) includes the energy of zero-point motion that has to be subtracted. The vibrational and rotational zero-point energy (ZPE) corrections are calculated in the cranking approximation [65] [66] [67] :
and
respectively. The potential V coll in the collective Hamiltonian (4) is obtained by subtracting the ZPE corrections from the total mean-field energy:
III. RESULTS AND DISCUSSION
A. Illustrative study of 224 Ra
As an illustrative example, the EDF-based quadrupole-octupole collective Hamiltonian (QOCH) is used to calculate the low-energy excitation spectrum and transitions of 224 Ra.
To determine the microscopic input for the QOCH, we perform a constrained reflectionasymmetric RMF+BCS calculation, with the effective interaction in the particle-hole channel defined by the relativistic point-coupling density functional PC-PK1, and a density DES exhibits a global minimum at (β 2 , β 3 ) = (0.18, 0.14), and is rather soft along the octupole direction. Similar patterns are also predicted by the RHB calculation with the DD-PC1 functional [33] , and the Hartree-Fock-Bogoliubov (HFB) calculation with the Gogny D1S and D1M forces [25] . Generally, the moment of inertia increases with deformation.
The mass parameters, on the other hand, display a more complex dependence on β 2 and can be related to the collapse of proton pairing at this deformation. To avoid such anomalous behavior of collective mass, in other words to avoid pairing collapse, one can perform particle number projection [69, 70] . However, this procedure is outside the scope of the present study.
It is, in fact, found that the anomalous value of B 22 has negligible effect on the low-lying spectrum of 224 Ra because the corresponding deformed configuration contributes very little to the total collective wave function (cf. Fig. 5 ). In Fig. 3 The principal objective of this study is a systematic analysis that includes collective deformation energy surfaces, excitation energies and average quadrupole and octupole defor- Fig. 13 ) but the energy surfaces are very shallow with respect to the octupole degree of freedom. Similar shape transitions in the fourteen isotopic chains have also been obtained in studies based on different relativistic energy density functionals [33, 38] , nonrelativistic functionals [25, 34] , and macroscopic+microscopic (MM) models [19, 71] . Some differences between these calculations are found in the exact location of non-zero equilibrium octupole deformation and the corresponding octupole deformation energies. This can be attributed to the details of the single-particle spectra, especially energy differences between levels with ∆j = 3 and ∆l = 3, and also to different treatment of pairing correlations [38] . In Fig. 15 up to J π = 10 + , and the odd-spin negative-parity states up to J π = 9 − , for the fourteen isotopic chains. The theoretical results are overall in reasonable agreement with the available data, except for the fact that the calculated spectra are too stretched in nuclei that are nearly spherical. For the positive-parity bands the excitation energies decrease rapidly up to N ∼ 90 and N ∼ 136 for the lighter and heavier mass regions, respectively, and then vary slowly with the addition of more neutrons. This is consistent with the evolution of the average quadrupole deformation β 2 (cf. Fig. 14) . For the K π = 0 − negative-parity bands in Fig. 16 , the excitation energies in the lighter mass region decrease up to N ∼ 88, show little variation till N ∼ 94, and then increase gradually with neutron number. Similar results were also predicted by the interacting boson model (IBM) mapped from the mean-field potential energy surfaces using the Gongy interaction or relativistic EDFs [33, 34] . Deviations are found in the Sm and Gd isotopes with N > 90, where the experimental excitation energies decrease along the isotopic chains whereas the theoretical values increase. This correlates with the diminishing of octupole fluctuations around the equilibrium minima of the DESs (cf. Fig. 8 ).
In the heavier mass region the excitation energies of the negative-parity bands exhibit a parabolic behaviour with minima at N ∼ 136. For the Ra and Th isotopes, minima are observed at N ∼ 136 for the experimental negative-parity states, whereas the functional PC-PK1 predict the minima at N ∼ 138. The theoretical minima gradually evolve to N ∼ 134 for the heavier isotopic chains. This is related to the onset of octupole minima in the deformation energy surfaces (cf. Figs. 9 and 11 ). The appearance of plateaus in the calculated excitation energies of negative parity states at N = 142 ∼ 146 is attributed to the softness of the corresponding energy surfaces in the octupole direction, and is consistent with the available data for Th, U, and Pu isotopes. A microscopic picture of the onset of octupole deformation and octupole softness emerges from the dependence of the single-nucleon levels on the two deformation parameters. In Fig. 18 we plot the single neutron and proton levels of 226 Th along a path in the β 2 − β 3 plane. The path follows the quadrupole deformation parameter β 2 up to the position of the equilibrium minimum β 2 = 0.18, with the octupole deformation parameter kept constant at zero value. Then, for the constant value β 2 = 0.18, the path continues from β 3 = 0 to β 3 = 0.3. In the mean-field approach there is a close relation between the total binding energy and the level density around the Fermi level in the Nilsson diagram of single-particle energies. A lower-than-average density of single-particle levels around the Fermi energy results in extra binding, whereas a larger-than-average value reduces binding. Therefore, the onset of octupole minima around 226 Th can be attributed to the low neutron-level density around the Fermi surface at N ∼ 136 and low proton-level density at Z ∼ 90. One notices the repulsion between the Ω = 1/2 pairs of levels that originate from the (g 9/2 , j 15/2 ) spherical neutron levels and (f 7/2 , i 13/2 ) spherical proton levels, respectively. A rather low neutron-level density is also predicted at N ∼ 142, induced by the repulsion between the Ω = 3/2 pair that originates from the (g 9/2 , j 15/2 ) levels, which could cause the octupole softness in the isotopes with N = 142 ∼ 146. Moreover, a low proton-level density at Z ∼ 100, characterized by the repulsion between the Ω = 3/2 pair of levels originating from the (f 7/2 , i 13/2 ) spherical levels, may lead to the onset of octupole deformation around 234 Fm.
We have also analyzed single-nucleon levels for the lighter mass region, and found that the In Fig. 19 we compare the experimental and theoretical B(E3; 3 − 1 → 0 + 1 ) values as functions of neutron number for fourteen isotopic chains. The calculation generally reproduces the empirical values. Quantitatively, the QOCH underestimates the electric octupole transition rates of isotopes with N 88. This could be because the present model only includes the K = 0 components (axial symmetry), and the mixing with K = 0 might become important in nearly spherical nuclei [22] . On the other hand, it appears that the QOCH overestimates the electric octupole transition rates in the heavier mass region. This indicates that the predicted octupole deformations and corresponding deformation energies are probably too large in this mass region, which is possibly related to weaker pairing correlations [38] . Smaller values of the calculated B(E3) for weakly deformed nuclei, and larger B(E3) values for well-deformed nuclei have also been obtained in a systematic calculation based on the generator-coordinate extension of the Hartree-Fock-Bogoliubov self-consistent mean field theory with the Gogny D1S effective interaction [22] .
To illustrate the relation between octupole deformation and pairing correlations, for 224 Ra in Fig. 20 we display the evolution of the calculated β 3 of the ground state, the B(E3; 3 − 1 → 0 + 1 ), and the octupole deformation energy ∆E oct , as functions of the pairing strength V τ (τ = n, p). Note that all three quantities characteristic for octupole correlations exhibit a marked decrease as pairing strength increases. Finally, Fig. 21 displays the experimental and theoretical intrinsic electric dipole moments D 0 as functions of neutron number for fourteen isotopic chains. The theoretical D 0 is calculated from the corresponding reduced transition probability using the relation
We note that for one isotope there may be more than one experimental D 0 , which correspond to different angular momenta. The theoretical results are of the same order of magnitude as the available data. However, large fluctuation with Z and N in the values of D 0 can occur due to shell effects and occupancy of different orbitals [1, 17] , and the theoretical predictions fail to reproduce the detailed N (Z) dependence of D 0 .
IV. SUMMARY
In the present study we have performed a microscopic analysis of octupole shape transi- 
